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Abstract
We use the quantum potential approach to analyse the quantum
cosmological model of the universe. The quantum potential arises
from exact solutions of the full Wheeler-De Witt equation.
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1 Introduction
In the recent paper [1] a class of solution of the regularized Wheeler-De Witt
equation was given. An interpretation of the resulting ”wave functionals of
the universe” in terms of the modified field dynamics was also proposed,
namely, in the properly extended version of the quantum potential approach
to the quantum mechanics given by David Bohm (see e.g. [2],[3],[4]). In this
approach the time evolution of the fields is generated by the Hamiltonian of
the classical system modified by the additional term, the so called quantum
potential. The purpose of the present note is to use the above language to
analyse a simple quantum cosmological model.
In the second section we shortly repeat the most important steps leading
to the formulation of the quantum theory, essentialy quantum gravity, in the
quantum potential language. We refer the reader interested in the details to
the paper [3]. In what follows we use the notation of [1]. As compared with
the work [3] here we have to do with one important modification resulting
from the presence of the Lab term in our Wheeler - De Witt operator.
In the third section we will find the equation of motion governing the
simplified cosmological model, the homogeneous and isotropic universe. It
turns that it has no singular points and the scale factor grows exponentialy
near the classical singularity a = 0.
2 Quantum potential interpretation
We recall that the regularized Wheeler-De Witt operator used in [1] had the
form
H = −κ2h¯2
∫
dx′K(x, x′; t)Gabcd(x
′)
δ
δhab(x)
δ
δhcd(x′)
+
+ κ2h¯2Lab(x)
δ
δhab(x)
+
1
κ2
√
h(x)(R(x) + 2Λ), (1)
where the function K(x, x′; t) responsible for the point-splitting and the func-
tion Lab(x) corresponding to the operator ordering were fixed during the
process of regularization and renormalization. The renormalized action of H
on the states was also defined. Our task is to apply the quantum potential
approach to the Wheeler-De Witt equation with quantum Hamiltonian (1).
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We assume that the wave function of the universe is of the form
Ψ = eΓeiΣ, (2)
with Γ and Σ the real functionals of the three-metric. Substituting this to
the Wheeler–De Witt equation and taking the real part1 we obtain
−κ2Gabcd(x) δΣ
δhab(x)
δΣ
δhcd(x)
+
1
κ2
√
h(x)(R(x) + 2Λ)+
+ Lab(x)
δΓ
δhab(x)
+ e−Γκ2
(
δ2eΓ
δh2
)
ren
(x) = 0, (3)
where in the last term we used the abbreviated notation to indicate that the
action of the second functional derivative is renormalized. Then we define
the momenta as the functional gradient of Σ, to wit
pab(x) =
δΣ
δhab(x)
. (4)
With this identification (3) turns to the Hamilton-Jacobi equation for general
relativity with additional term corresponding to quantum potential:
κ2Gabcd(x)p
ab(x)pcd(x)− 1
κ2
√
h(x)(R(x) + 2Λ)+
− h¯2Lab(x) δΓ
δhab(x)
− h¯2e−Γκ2
(
δ2eΓ
δh2
)
ren
(x) = 0. (5)
We see that in the limit h¯→ 0 we obtain the classical hamiltonian constraint.
The wave function is subject to the second set of equations, namely the ones
enforcing the three dimensional diffeomorphism invariance. These equations
read (for imaginary part)
∇a δΣ
δhab(x)
= ∇a pab = 0 (6)
Thus our theory is defined by two equations (5) and (6). Now we can follow
without any alternations the derivation of Gerlach [5] to obtain the full set of
1In this paper we do not consider the imaginary part. For its interpretation see for
example [2].
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ten equations governing the quantum gravity theory in the quantum potential
approach
0 = Ha = ∇a pab, (7)
0 = H⊥ = −κ2Gabcd(x)pabpcd + 1
κ2
√
h(x)(R(x) + 2Λ)
+ Lab(x)
δΓ
δhab(x)
+ κ2e−Γ
(
δ2 eΓ
δh2
)
ren
(x), (8)
h˙ab(x, t) =
{
hab(x, t), H[N, ~N ]
}
, (9)
p˙ab(x, t) =
{
pab(x, t), H[N, ~N ]
}
. (10)
In equations above, {⋆, ⋆} is the usual Poisson bracket, and
H[N, ~N ] =
∫
d3x (N(x)H⊥(x) +Na(x)Ha(x)) (11)
is the total hamiltonian (which is a combination of constraints). The above
set of equations describes the time evolution corresponding to a given solution
of the Wheeler-De Witt equation of the classical fields hab(t) and p
ab(t) from
given initial surface. In this way, in this approach we are able to circumvent
the problem of time of quantum gravity [6]. It should be noted that because of
the presense of the quantum potential term in the superpotential the algebra
of H doesn’t close in general case, so it must be checked for every solution
separately.
It might seem puzzling at the first sight why to a single wavefunction
there corresponds a set of equations with, clearly, many solutions. The res-
olution of this problem is that the wavefunction, as a rule, is sensitive only
to some aspects of the configuration. For example, the exact wavefunction
ΨI = exp(−3ρ(5)Λ V) found in [1] depends on the total volume of the universe,
V, only, and thus any configuration with given volume leads to the same
numerical value of it. The above dynamical equations provide us with much
more detailed information concerning the dynamics of the system than the
wavefunction alone.
3 A simple model
In [1] we have found three real solutions of the Wheeler-De Witt equation.
Such states were interpreted as ”frozen in time” since real solutions do not,
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by definition, evolve in time (cf.[3]). We therefore take the complex super-
position of the solutions,
Ψ = aΨI + bΨII , (12)
a = |a|eiα, b = |b|eiβ |a| = |b|,
where ΨI = exp(−3ρ(5)Λ V), ΨII = exp(43Λ 1κ4h¯2ρ(5)R) are two exact solutions of
the Wheeler–De Witt equation found in [1]. Here V = ∫ √h is the volume of
the universe, R = ∫ √hR(3) its average curvature, and ρ(5) is the renormal-
ization constant. Now we can follow the prescription given in the previous
section to get the dynamical equation for our system corresponding to the
state (12).
The hamiltonian (8) can be computed to be
H⊥ = κ
2Gabcdπ
abπcd+
AΨ2IΨ
2
II
|Ψ|4
(
27
16
ρ(5)2h¯2κ2
Λ2
√
h+
1
κ2
√
hR− 8
9
Λ2
h¯2κ6ρ(5)2
√
h
(
−3
8
R2 +RabR
ab
))
,
(13)
where A = 2|a|4 sin2(α−β) is a parameter which measures the rate of mixture
of two universes.
We can readily write down the dynamical equations of motion (in the
gauge ~N = 0 and N = N(t).) Equation (9) takes the form
h˙ab = 2Nκ
2Gabcdπ
cd, (14)
which can be solved for πab in a standard way
πab =
√
h
2κ2N
(
h˙ab − tr(h˙)hab
)
, (15)
where h˙ab = hachbdh˙cd, tr(h˙) = h
abh˙ab. Equation (10) takes the form
π˙ab =
1
2κ2N
(
h¨cdG
abcd + h˙cdG˙
abcd − h˙cdGabcd N˙
N
)
=
=
√
h
Nκ2
[
1
8
habtr(h˙× h˙)− 1
2
(h˙× h˙)ab + 1
2
h˙abtr(h˙)
]
5
−N
√
h
κ2
F
(
1
2
habR− Rab
)
− 27N
√
h
32
ρ(5)2h¯2κ2
Λ2
Fhab
+
8N
√
h
9
Λ2
h¯2κ6ρ(5)2
F
[
1
2
habRcdR
cd − 4Rc(aRb)c −
3
16
R2hab +
3
4
RRab+
+
1
2
∇abR− ✷Rab + 1
4
hab✷R
]
−N
∫ √
h
[
27
16
ρ(5)2h¯2κ2
Λ2
+
1
κ2
R− 8
9
Λ2
h¯2κ6ρ(5)2
(
−3
8
R2 +RabR
ab
)]
δF
δhab
,
(16)
where
F = 1
2
sin2(α− β){
cosh
(
3ρ(5)
Λ
V + 4Λ
3h¯2κ4ρ(5)
R
)
+ cos(α− β)
}2 (17)
We see that quantum effects exhibit themselves in two ways: first there
are higher curvature terms in the effective quantum hamiltonian, and second
the resulting coupling constants are modified not only by quantum correc-
tions following from the renormalization, but also by nonlocal terms related
to the globasl structure of the universe. This latter fact was to be expected in
the framework based on the quantum potential approach since the quantum
potential is usually nonlocal, however it cannot be merely treated as a mere
artefact of the method employed. Even if the “reality” of the field evolution
described by equations (8), (9), (10) can be questioned in the highly quan-
tum regime, without doubts these equations provide a correct semiclassical
approximations, and in this approximation some traces of nonlocality will
still be present. It is our opinion however that the nonlocal terms discovered
above do reflect the deep structure of quantum gravity. These questions and
the analysis of solutions of the dynamical equation in the cosmological con-
text will be subject of the separate paper.
Now we present a solution of the resulting equations assuming that Rab =
0, hab(t) = a(t)h˜ab, where h˜ is a flat metric on compact three-manifold (space)
with normalization
∫ √
h˜ = 1. The equation of motion for this ansatz that
follow from (16) reduce to the following equation:
a¨
aN2
− 1
4
a˙2
a2N2
− a˙
a
N˙
N3
+
6
−B sin
2(α− β)[
cosh(3ρ
(5)
Λ
a3/2) + cos(α− β)
]3
[
1
4
− 3ρ
(5)
2Λ
a3/2 sinh(
3ρ(5)
Λ
a3/2)
]
= 0,
(18)
where B
κ2
= 27
16
ρ(5)
2
h¯2κ2
Λ2
. In agreement with what was mentioned above, we see
that the limit h¯→ 0 corresponds to the classical model. The Hamiltonian of
the system which is the reduced version of (13) has the form
H(x) =
1
κ2

−3
2
a˙2
a1/2N2
+
B
2
a3/2
sin2(α− β)[
cosh(3ρ
(5)
Λ
a3/2) + cos(α− β)
]

 . (19)
It can be easily checked that the evolution (18) is generated by the Hamil-
tonian (19). It also follows from the form of (19) that after reduction we
are left with the reparametrization invariant theory. The solution of (19)
near the point a = 0 are modified as compared to their classical singular
behaviour because of the quantum potential term that acts effectively as a
nonzero cosmological constant in that region. The scale factor grows here
exponentialy
a ∼ exp
(
±3
4
κ2h¯ρ(5)
Λ
t
)
. (20)
For a ≫ 1 quantum potential vanishes and we come back to the classical
case.
4 Conclusions
In the paper we analysed time evolution of quantum universes that arises as
a complex combination of exact solutions of the Wheeler–De Witt equation
presented in [1] by making use of the quantum potential interperetation. We
noticed that in the simplified situation considered explicitly, the theory is
reparametrization invariant contrary to the general case were the quantum
potential may spoil the invariance in time direction. We show that in the
simplified model considered above the initial cosmic singularity is avoided.
It is a matter of future investigations to check as to whether this property is
generic for quantum universes described by equations (16) or not.
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